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Tém tit:

Bai bdo da xdy dung da thirc ndi suy Hertmite tong qudt trong mién phirc, dong thoi danh gid dwgc

sai so cua cong thirc ngi suy dwa vao tich phan ham bien phirc. Truong hop ddc biét, khi boi cua cac moc

néi suy bang nhau, ching t6i thiét lgp dwoc da thire néi suy Jacobi.

Tir khéa: Néi suy phire, Hermite trong mién phire, ngi suy Jacobi.

1. Pat van dé

Bai toan ndi suy da thuc ndi chung va bai
toan ndi suy c¢o dién tong quat Hermite noi riéng
dong vai tro quan trong trong tinh toan, nhat la
v6i cac nganh ky thuat. Boi trong thuc té, rat
nhiéu truong hop biéu thirc giai tich cua ham
y=f(x) da biét nhung viéc tinh truc tiép gia tri ciia
no6 tai diém x bat ky trén mot mién nao d6 gip
nhiéu kho khin, nhat 13 khi can tinh gia tri cua
ham tai nhiéu diém. Trong trudong hop d6 nguoi ta
s& dung nodi suy dé giam su phirc tap trong tinh
toan. Nguoi ta xdy dung da thuc P(x) trung véi
ham f(x) tai cac mbc nodi suy con cac diém khac
“tuong dbi gan” véi f(x).

Céc tai liéu hién cd thudong xét bai toan ndi
suy voi cac mdc ndi suy 1a sé thuc va phuong
phap phd bién 13 dai s6 (xem [1,4]).

Trong [2], tac gid da xét bai toan ndi suy
Hermite tong quat voi mdc ndi suy 1a sé thuc
nhung dua 1y thuyét Thing du vao dé xay dung
cong thuc ndi suy thay cho viéc dung hé phuong
trinh tuyén tinh quen thudc, day ciing la mot
huéng di mai, dua giai tich phirc vao giai quyét
bai toan dai s6. Tuy nhién, khi 4p dung trong thuc
té tinh toan cac bai toan ky thuat, nhét 1a khi da
biét biéu thirc ham f nhung viée tinh tryc tiép trén
ham d6 lai qua phtc tap va mién xac dinh cta
ham c6 thé 1a phirc thi cac cong thirc da xay dung
bi han ché. D& khic phuc, chung toi xét trong mat
phiang phic, véi cic mbc ndi suy 1a nhiing s6
phirc. Ly thuyét ham chinh hinh va ung dung ciia
thang du (xem [3]) 1a cong cu chinh dugc su dung
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dé dua ra cac két qua quan trong ciia bai bao.
2. Bai toan ndi suy Hermite trong mién phirc
Gia st ham f(z) chinh hinh trong mién G
cC (f(2)eH(G)). Cho h¢ diém
Z,,2,,...,2, thudc mién G (goi 12 cac mbc nodi
suy) va cac so tu nhién tuong tng véi cac mbc
ndi suy d6 1 k,,k,,....k, (goi 1a boi cia cdc mde
ndi suy) thda man:
ki +k,+---+k, =n. 2.1
Hiy xay dung da thic P(z) véi bac thip
nhét co thé thoa man cac diéu kién:
P(z)=f(z)),
P’(z)=f(z), 2.2)

P =@, j=Tm

Viéc xay dung da thiic P(z) théa man cac
diéu kién (2.2) duoc goi 1a qud trinh ngi suy véi
moc bgi trong mién phic. Céc s6 k,(j=1,m)
duoc goi 1a boi cua méc z;.

Dé giai bai toan nay, chung toi phat biéu
Dinh nghia va B4 d& quan trong sau:

Pinh nghia 2.1. Pa thiic P(z) théa man cac
diéu kién (2.2) dwoc goi la da thirc ndi suy ddi véi
ham f(z) tuong tmg voi cac mbe ndi suy Zj v&i boi
k; =1, m).

Bb dé 2.2. Pa thite ndi suy P(z) c6 bdc bé
hon n théa man cdc diéu kién (2.2) (néu ton tai)
la duy nhat.
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Chirng minh.

Néu P(z) 1a da thtrc noi suy thi s6 hang du

R(z)=f(z)-P(z)

1a ham chinh hinh trong G. Ttr 46, suy ra
Re)=R()==R""(z)=0,j=1m.

Do d6, R(z) c6 0- diém tai mdi diém z; véi
boi it nhat cling béng k; véi j= 1,_m

Gia st P(z) la da thuc khac ciing thoa man
didu kién (2.2). Khi d6, ham tuong ung
R(z) =f(z)-P(z) ciing c6 cac 0- diém tai mdi
diém z; v6i boi it nhat ciing bang k; (j=1,m ). Diéu
nay ciing dung d6i v6i ham

R(2)-R(z) = P(2)-P(2)

Nhu vay, hiéu P(z)- P(z) 1a da thic c6 it nhit m
khong diém z,,z,,...,z, véi bdi khong bé hon
k.k,,...,k, tuong ung. Tt do, suy ra rang ham

P(2)- P(z) chia hét cho da thirc bac n

Q(Z):(Z—Zl )k' (z-z, )k2 "-(Z—Zm)km '

Do vay, néu mdi da thiic P(z) va P(z) déu c6
bac thédp hon n thi hiéu chung phai dong nhat
bang 0, tic 1a trong tip hop cac da thirc bac thap
hon n ton tai khong qua mot da thirc thoa min bai
toan da néu. Vay ta co diéu phai chirng minh.

T b6 dé trén ta c6 nhan xét sau:

Dé tim da thirc P(z) thoa mén diéu kién (2.2) ta c6
tat ca
k +k,+---+k, :ikj
Jj=1
diéu kién. Vi s hé s cua da thuc 16n hon béc cia
n6 modét don vi nén ta cin tim da thic bac
{Zml K _1J va bai todn ndy goi 1 bai todn ndi suy
j=1
Hertmite trong mién phirc.
3. Cac cong thirc noi suy
Pa thirc ni suy Hermite trong mién phtrc dugc
biéu dién trong dinh Iy sau:
DPinh Iy 3.1.
Pa thite néi suy P(z) ton tai va duoc biéu
dién duéi dang tich phan
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P(z):%I&-Q(g)_Q(Z)dQ‘, 3.1)
mio, )  ¢-z

voiy la duong cong dong Jordan do dugc nao do
nam trong mién G cung v6i phan trong ciia nb va
chira moi mdc nodi suy z,,2,,...,2, Otrong.

Chirng minh
Trude tién, ta chimg minh ring cong thirc
(3.1) biéu dién da thirc bac khong cao hon (n-1).

Thét vay, néu Q(z) =" 4 5/ , thi

n

A ¢ -7
Q(g)—Q(Z):;’(g )

c-z c-z
=4+ A (c+z)++4,(c

:(Al+A2g+~--+Ang"_l)+(A2+--~+Aﬂg"'z)z+---+AnZ"_1

n-1

4otz

= ,,,1(§)+H,1,2(§) Z+“'+H0(g) Z”’I’

trong d6, H, ,(s).H, ,(c) Z,---,Ho(g)z"’1 la
nhitng da thic d6i voi ¢ véi bac tring voi sb
hiéu cua chung. Tur dé, ta co thé viét P(z) trd
thanh

1

1 f() & ;
P =— j ) ZH ()z'ds

_SH L S . ,.
_jZO{Zﬂi‘IQ(g)H”Ij(g)Z ngZ

voi a, = ZL-[&H
7T
7

o) "
la P(z) 1a da thirc c6 bac <n-1.

(¢)dgs (G=0,n-1), tic

Tiép theo, ta cdn ching minh P(z) théa min
cac diéu kién cua bai toan nodi suy.

That vay, lap hiéu R(z)=f(z)-P(z). Néu diém z
nam trong mién giéi han boi ¥ thi theo cong thirc

tich phan Cauchy, ta co
1
Foy=-- [
27, gz

Tu d6, suy ra
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J‘ () 9()-9(=) Q(Z)

_ f(g)
R )_2m‘j

275 0) -z
—0z). [ ds
—ow 2ﬂlI§ z 0@)
Nhu vy, sb hang du R(z) c6 biéu dién tich
phéan
f) de
R(z)=0(z)  — | —==- (3.2)
=0 27le.§ z 0@)
Ta xét tich phan

/)
I () dg (3.3)

If(g) ds _
2mis gz Q(g) 27i

Viham /(&) khéng chinh hinh tai céc diém
0(s)

Z1yZy,.++5Z, nhung nd lién tuc trén ¥ nén tich

phan & vé phai cta biéu thie (3.3) 1a tich phan
dang Cauchy, né xac dinh ham chinh hinh trong
Y vavi
kl k2
Q(z):(z—zl) (Z—ZZ)
nén tu (3.2), thu dugc

R k
i —(z-2)"

(z=2)"

kj
(Z Zj+l) "'(Z—Z

1a ham chinh hinh trong lan can diém z;. T do,

km
“(Z_Zm) ’

ki
(z-2,,)""
J-1

AG)
JQ@) G4

Zm

suy ra
R@= (z-z,)" p(2). (3.5)
trong d6 ham chinh hinh @(z) 1a vé phai cla
(3.4). Hé thic (3.5) chimg t6 rang z=z; 1a 0-diém
clia R(z) v6i cép it nhét 1a bang k;. Piéu nay co
nghia rang R(z)=0, R’(z))=0,..., R‘kf’”(zj)=0, tirc
1a diéu kién (2.2) dugc thoa mén. O
Nhu vay, da thuc (3.1) théa man moi diéu kién
cua bai toan ndi suy da dat ra. Do d6, da thuc
(3.1) 1a nghiém cua bai toan ndi suy.
Cong thirc (3.1) biéu dién da thirc ndi suy P(z),
cong thire (3.2) biéu dién sé hang du
R(z) = f(2) = P(2)
cua cong thurc ndi suy

f(2) = P(2) + R(2)
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duogc goi 1a cac cong thiic Hermite.
Tiép theo, ta xét mot truong hop riéng cua cong
thire ndi suy Hermite goi 1a da thtrc ni suy Jacobi

Trong mién G, cho m diém khic nhau z,z,,...,z, ,

v6i boi bang nhau k =k, =--=k =k, trong do
vé sau, k s& duoc tang vO han trong khi cac mbc ndi
suy van giit nguyén.
Bai toan dat ra 1a tim da thirc J,.1(z) v&i bac
khong 16n hon (mk-1) thoéa mén cac diéu kién:
Jni1 ()=1(z)),
T k1 (z)=f(z), (3.6)

Jmk—l(kil)(zj) = f(kil)(zj)aj = lam :

Pa thirc Jacobi can tim duoc biéu dién qua hé qua
sau
Hé qua 3.2.Da thire ndi suy can tim cé dang

T @ = 0,@[a@]' 3.7

n=0

trong do Q,(z) la da thitc bgc <m-1.

="H 1 fe) dg
%@ JZ—;‘ 2”i7[Q(§)]n (g_zl)"'(g_zm

) (z—zl)---(z—z‘/.),
(3.3)
v6i q(z)= (z—zl)(z—zz)m(z—zm).
Chting minh
That vay, dat q(z)=(z—zl)(z—zz)m(z—zm),
khi d6
@, (2)=(z-z )k (z—zz)k o(z-z, )k = [q(z)]k.
Tu do, theo cong thirc Hermite, ta co
S = I /@) [9@] -[a@] ,  309)
7y [q(6)] §-2

Bing nhitng bién d6i don gian biéu thirc dudi

dau tich phan ta dugc

1 [4©)] -[e@] _
[4@] -z

:wo—mn{ Lo, [ﬂ@]}

c-z |4() [q(g)] [4)] | 3.10)
v 4©)-9@@ z

= o q@)] .
=l 03] 4]
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Thé (2.12) vao (2.11), ta duoc

I @)= Z L f f(g)n+l,q(g)—q(z) dc |[g@] -

[9(5)] -z

(3.11)
Bing mot s6 bién dbi trén ham phan thirc ta dé
dang co

I 9@9-9»_1 z-3
96) s-z -z (¢-z)(s-2)
(z—zl)---(z—szl)‘
(g—Z])“'(g'—Zm)

4o

+

Tu do, ta cé da thirc

_ L f© 49)-4@)
Q() 2;[1.[[ ( )]n+l c—z

3 /) dc o

27[1J q(g)] c— Zl)'”(giz/ﬂ) (z Zl) (z z/)

Z
:Z(; (z— Zl (z—zj).

J (3.12)
H¢ thuce (3.12) chung to réng Qu(2) 1a da thirc bac
bé hon hodc bang (m-1) véi cac hé s6 1a cac tich
phan dang

I S (g) ) dg _
2 o] (e-2)(e-2)
Céc tich phan nay c6 thé tinh dwoc nhd cac
dinh Iy vé thing du.
Nhu vay, tir (3.11) va (3.12), thu dugc cong
thie (3.7) dugc goi 1a da thire ndi suy Jacobi.

Tiép theo, ta nghién ctru phan du cua cong
thirc ndi suy nay.

That vay, tuong tu bai toan ndi suy Hermite
téng quat ta c6 sé hang du thu dugc ciia cong thirc
ndi suy Jacobi c6 dang

If(g) [q(z)]
27 g z [q(g)]

Dé uéc lugng |Ry(z)| ta ldy 7 1a duong

R (2)= (3.13)

Lemniscate y(p)véi céc tiéu diem z,,z,,...,z

m
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(vi ngay tir dau ta chi doi hoi duong cong ¥ cung
v6i phan trong ctia né thugc mién chinh hinh ciia
ham f va chira trong né moi diém z,,z,,.. Zy)s
khi do |q(z)= p

Ta biét ring Lemniscate chira trong nd moi
tieu diém z,z,,...,z, batluan s6 p>0 la bao
nhiéu. Gia st p, >01a ban kinh cua Lemniscate
7(p,) ma trong y(p,) ham f(z) chinh hinh va
gid st p>0 la s6 duong tiy ¥ bé hon P, - Khi do,
véisd p' batkyma p< p'< p,thi lemniscates
7(p") thudc phan trong ctia y(p,) va né chira tap
hop dong

D, = {phan trong ctia y(p) } Uy(p)-

Vikhiz D_p ta ¢6 |q(z)| < p”, con tai cac diém
cey(p)ta co [q@)IF|g(s) =(p")" nén néu lay
¥ la duong Lemniscate y(p") thi

0 su(p)| /(@) » ik
O 3 ot () [_j he

(3.14)
voi zeD,,l (p'):=d0dai y(p").

Tu ude luong (3.14) suy ra khi k& —> oo thi
Ruui(z) hoi tu déu dén 0 trén D_p.D

4. Két luan

Trong ndi dung nghién clru nay tac gia da xay
dung da thirc ndi suy tong quat Hermite, danh gia
sai s6 ctia phép nodi suy va xét truong hop dic biét
khi bodi cta cac mde ndi suy béng nhau, ta c6 da
thire ndi suy Jacobi.

Céc da thuc ndi suy nay dugc xay dung trén
mién phirc, khic phuc nhimng han ché cua da thuc
ndi suy chi xdy dung trén mién thuc, diéu nay
mang y nghia quan trong trong tinh toan.
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HERMITE INTERPOLATION POLYNOMIALS IN COMPLEX DOMAIN

Abstract:

This paper establishes general Hermite interpolation polynomial in complex domain. At the same
time, we evaluate the error of this interpolation polynomial based on complex integrals. Especialylly,
when the multiple of the interpolation points is equal, we give Jacobi interpolation polynomial.

Keywords: Complex interpolation, Hermite in complex domain, Jacobi interpolation.
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